STAT 400 Answers for 3.2 (Part 2) Stepanov
uluc Dalpiaz

Gamma Distribution:

f(x)=—L xa-lg=x/6 A% adan
(X) [(0)0° f(x) Wx“ e~ X,
0<X<w 0<X<w
E(X) =00 E(X) =%,
Var(X) = 0. 62 Var(X):O‘/kz

If T, hasaGamma(a, 8 = 1/x) distribution, where a is an integer, then
FTa(t) = P(Ty<t) = P(Xg2a),
P(Ta >t) = P(XtS o - 1),
where Xy has a Poisson (At = % ) distribution.
1. Alex is told that he needs to take bus #5 to the train station. He misunderstands the

directions and decides to wait for the fifth bus. Suppose that the buses arrive to the bus
stop according to Poisson process with the average rate of one bus per 20 minutes.

X = number of buses in t hours. Poisson (A1)
T = arrival time of the Kth bus. Gamma, a =K.
one bus per 20 minutes = A=3.

a) Find the probability that Alex would have to wait longer than 1 hour for the fifth bus
to arrive.

P(Tg>1) = P(X;<4) = P(Poisson(3)<4) = 0.815.

OR

P(Ts>1) = [ t5Te3tdt = [ t4e3tdt = ..
1 T(5) L 4!



b)

1.3.

Find the probability that the fifth bus arrives during the second hour.

P(1<T5<2) = P(T5>l) - P(T5>2) = P(X1S4) - P(X2£4)
= P(Poisson(3)<4) - P(Poisson(6)<4) = 0.815-0.285 = 0.530.

OR

2 3 235
P(1<Tg<2) = j(— t5teStdt = jﬁt“e‘“dt = ..
1 !

Find the probability that the fifth bus arrives during the third hour.

P(2<Tg<3) = P(Tg>2) - P(Tg>3) = P(X,<4) - P(X5<4)
= P(Poisson(6)<4) — P(Poisson(9)<4) = 0.285-0.055 = 0.230.
OR
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Traffic accidents at a particular intersection follow Poisson distribution with an
average rate of 1.4 per week.
= 0.2 per day.

What is the probability that the next accident will not occur for three days?

Exponential, A =0.2. P(T>3)= e 02:3-¢-06 05488,
OR

060.e 06
Poisson, 3days = At=0.2-3=0.6. P(X:O):'—Iz0.5488.
0!



b)

What is the probability that the next accident will occur during the third day?

(That is, the time until the next accident is more than two days, but less than
three days.)

Exponential, A =0.2.

P(2<T<3)=P(T>2)-P(T>3)=e 02'2_¢g02:3-¢704_g=06,0 1215

OR
020.p —02
Poisson, 1day = At=0.2-1=0.2. P(X=0)= —I ~0.81873.
0!
1st day 2nd day 3rd day
No accident No accident Accident(s)
0.81873 X 0.81873 X 0.18127 ~ 0.1215.

What is the probability that the second accident will occur before the end of
the third day?

P (the second accident will occur before the end of the third day )

=P (at least 2 accidents will occur in three days )

0,-06 1,-06
_ 1_0.6 e _067e ~0.1219.
o! 1!

OR

3452
IOZ a-02X 4y = 002. [_Oixe—o.zx_ 1 e—o.zx}
0

027 3 L0.1219.
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d) What is the probability that the fourth accident will occur after the end of
the seventh day?

024
Gamma, a=4, A=0.2 P(T,>7days)= J'—Ix:”e‘o-zxdx =..
7
OR

T 144
Gamma, a=4, A=14 P(T,>1week)= J.'3—|X3€_1'4de:...
1

OR

P (the fourth accident will occur after the end of the seventh day )
= P (at most 3 accidents will occur in seven days )

0p-14 1n-14 25-14 3p-14
_1l47e +1.4 e +1.4 e +1.4 e ~0.9463.
o! 1 2! 3!

e) What is the probability that the third accident will occur during the fourth day?

P (the third accident will occur during the fourth day)

= P (the third accident will occur after the end of the third day)

— P (the third accident will occur after the end of the fourth day)

= P (at most two accidents will occur in three days)

— P (at most two accidents will occur in four days )

:{0608_06+0616_06+0626_06}

o! 1! 2!

0,-0.8 1,-0.8 2~-0.8
_{ase ,08%e "8 og% }zamm3
o! 1! 2!
OR
P(3<Tg<4) = [ = —x?e "% dx =...~0.0243
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1.7.

During a radio trivia contest, the radio station receives phone calls according to Poisson
process with the average rate of five calls per minute.

X = number of phone calls in t minutes. Poisson (A t)
T = time of the Kth phone call. Gamma, o =k.
five calls per minute = A =5,

Find the probability that we would have to wait less than two minutes for the ninth
phone call.

P(Tg<2) =P(X,29)=1-P(X,<8) = 1-P(Poisson(10)<8) = 1-0.333 = 0.667.

b)

OR
2 2 -9
P(Tg<2) = j5—) t9leStdt = j58—|t8e-5tdt = ..
0 0

Find the probability that the ninth phone call would arrive during the third minute.

P(2<Tg<3) =P(Tg>2) - P(T¢g>3) = P(X,<8) - P(X5<8)

= P(Poisson(10) <8) — P(Poisson(15)<8) = 0.333-0.037 = 0.296.

OR
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2. a) Mistakes that David makes in class occur according to Poisson process with the
average rate of one mistake per 10 minutes. Find the probability that the third
mistake David makes occurs during the last 15 minutes of a 50-minute class.

Notations: Xt = number of mistakes in t minutes.

T = time of the Kth mistake.

1

1 min 0=10, A= =0.10.
10

P(35<T3<50) = P(T3>35)-P(T3>50) = P(X35<2)-P(X5y<2) = ...

5 min 0=2, 7»:%20.50.

10 min 0=1, A=1.

P(35<T5<5) = P(T3>35)-P(T3>5) = P(X35<2)-P(Xg<2) = ...

... = P(Poisson(3.5) <2)-P(Poisson(5.0) <2) = 0.3208 - 0.1247 = 0.1961.

OR
50 3 50
1min  P(35<T4<50) = j%t“e—o-lm dt = jﬁlooﬂe—o-lot dt = ...
35 () 357
10 3 10
smn  P(7<T,<10) = j&tHe‘o-50t dt = jitze‘o-50t dt = ...
> T(3) > 16

5.0 1 5.01
1omin  P(35<T4<5) = j—3t3‘1e‘tdt = jEtZe‘tdt = ..
35 r( ) 35



b)

1 min

5 min

10 min

20 min

1 min

5 min

10 min

20 min

Students ask questions in class according to Poisson process with the average
rate of one question per 20 minutes. Find the probability that the third question
is asked during the last 10 minutes of a 50-minute class.

1
20
P(40<T45<50) = P(T3>40)-P(T3>50) = P(Xy<2)-P(Xgo<2) = ...

0=20, A= =0.05.

P(4<T3<5) =P(T3>4)-P(T3>5) = P(X,<2)-P(X5<2) = ...

0=1 A=1
P(2<T3<25) = P(T3>2)-P(T3>25) = P(X,<2)-P(X,5<2) = ...

... = P(Poisson(2.0) <2)-P(Poisson(2.5)<2) = 0.6767 - 0.5438 = 0.1329.

OR
50 3 50

P(40<T,<50) = j&te"le‘o-05t dt = thZe‘O-Of’t dt = ...
i r(3) 4o 16,000
10 3 10

P(8<T,<10) = j—0'25 t3-1e 05lgt = jitze‘o-25t dt = ...
. r(3) 5 128

5
0.50° {31050t 4 — Iitze—o.wt dt =

P(4<T43<5) = (3]

D — o

4

2.5 1 2.51
P(2<Tg<25) = [ ——~t3te tdt = [ =t?etdt = ..
2.0 F(3) 2.02



3. Let Y be arandom variable with a Gamma distribution with v=5 and 6 = 3.
Find the probability P(Y >18) ...

a) ... by integrating the p.d.f. of the Gamma distribution;
T T o1
P(Y>18) = | 5-x5‘1-e‘x/3dx = j—-x4-e‘x/3dx = ..
15 T(5)-3 1 2832
b) ... by using the relationship between Gamma and Poisson distributions;
P(Y>18) = P(X,;g<4) = 0.285 where X 14 is Poisson (18/60=6).
4. Let T be arandom variable with a Gamma distribution with a.=7 and 0 =5.

Find the probability P(20< T, <30).

[ Text messages arrive according to Poisson process, on average once every 5 minutes. Find the
probability that we would have to wait more than 20 minutes but less than 30 minutes for the
7th text message. ]

30 30
P(20<T,<30) = j%-t”-e—%dt = j%-th-e—t/Sdt = .
20 [(7)-5 50 6!-5

OR

P(20<T;<30) = P(T;>20)-P(T,>30) = P(X,5<6)-P(X37<6)
= P(Poisson(4)<6)-P(Poisson(6)<6) = 0.889-0.606 = 0.283.

messages during the first 20 minutes. If the average time between the text messages is 5
minutes, then the expected number of text messages in 20 minutes is 4.

messages during the first 30 minutes. If the average time between the text messages is 5
minutes, then the expected number of text messages in 30 minutes is 6. ]



5. Let Y be arandom variable with a Gamma distribution with «=5 and 0 =4
(i.e., A =0.25). Find the probability P(Y <15) ...

a) ... by integrating the p.d.f. of the Gamma distribution;
15 15
P(Y<15) = | %-x“-e‘x/“dx = | 1 x4e¥Adx =
o I'(5)-4 o 24576
b) ... by using the relationship between Gamma and Poisson distributions;

P(Y<15) = P(X;525) = 1-P(Xy5<4)  where Xz is Poisson (154 = 3.75).

EXCEL: =POISSON(X, A.,0) gives P(X =X)
=POISSON(X, A, 1) gives P(X <X)
A B A B
1 | =1-POISSON(4,15/4,1) — 1 |0.322452
2 2




